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Microwave Measurement of Temperature
and Current Dependences of Surface
Impedance for High-7, Superconductors

Yoshio Kobayashi, Member, IEEE, Tadashi Imai, and Hiroyuki Kayano

Abstract —Perturbation formulas for TE,;, mode dielectric
rod resonator and for a TE;; mode circular cavity resonator
are derived to determine the surface impedance Z (= R, + jX,)
of superconductors from measured values of resonant frequen-
cies and unloaded (). Also, the relation between the maximum
surface current density of a superconductor, J, (A/m), and
output power from a signal generator P, (W), is derived. On the
basis of these analytical results, a measurement techmique is
proposed to evaluate the temperature and J; dependences of Z,
for superconductors. The measured results of the temperature
dependence of Z, for YBCO and copper plates, which are
obtained from the f;, and O, values measured for the dielectric
resonator and for the cavity resonator, are presented. From
these results, it is verified that the dielectric resonator is suit-
able for measuring X, for YBCO. Furthermore, from these Z,
values the temperature dependences of the skin depth 8 and the
penetration depth A, and those of the complex conductivity
o, — jo; are obtained on the basis of the two-fluid model. These
measured values agree well with the theoretical curves calcu-
lated by introducing the concept of the residual normal state
conductivity o,., into ¢,. From the J, dependences of Z, mea-
sured for the YBCO and copper plates, it is shown that the R,
of copper does not depend on J;, that the value for YBCO has a
strong J_ dependence, and that X, of YBCO has little depen-
dence on J. It is verified that a dielectric resonator is preferred
for measuring the J; dependence of Z,, because of energy
concentration, compared with a cavity resonator.

1. INTRODUCTION

ESIGNING microwave devices fabricated using

high-T, superconductors requires the temperature,
frequency, and surface current dependences of the sur-
face impedance Z = R, + jX,, where R, is the surface
resistance and X is the surface reactance. A conclusion
derived theoretically from the two-fluid model is that R,
is proportional to w* and X, is proportional to  [1].
Many experimental papers have been presented recently
for the frequency dependence of R, [2]-[5] and have
suggested the validity of the w” dependences of R,. On
the other hand, the estimation of the surface current

Manuscript received October 23, 1990; revised April 29, 1991.

Y. Kobayashi and H. Kayano are with the Department of Electrical
Engineering, Saitama University, Shimo-Okubo 255, Urawa, Saitama
338, Japan.

T. Imai was with the Department of Electrical Engineering, Saitama
University, Saitama, Japan. He is now with Canon Electronics Inc.,
Chichibu, Saitama 369-18, Japan.

IEEE Log Number 9101269.

dependences of R, has not been discussed so far, al-
though the power dependences of the unloaded or loaded
Q have been measured for certain resonators [6]-[8]. For
X,, furthermore, even measured results have not been
presented because of experimental difficulties.

In this paper, two perturbational techniques are dis-
cussed for measuring the temperature dependences of X
as well as R; one is a TE,;; mode dielectric resonator
method and the other is a TE;;; mode cavity resonator
method. The former is applicable in the frequency range
of 5 to 20 GHz and the latter in the range of 15 to 100
GHz when we use a superconducting plate sample 26 mm
in diameter [9]. Then a measurement technique is pro-
posed for evaluating the surface current dependence of
Z,, after the relationship between the maximum surface
current density on a superconductor and output power
from a signal generator is derived [10].

The usefulness of these techniques is verified by mea-
suring the temperature and J; dependence of R, and X,
for a YBa,Cu,0,_; bulk plate, which is abbreviated as a
YBCO plate.

II. MEASUREMENT PRINCIPLE
A. Perturbation Formulas for Z,

Fig. 1(a) shows a TE,; mode dielectric rod resonator
placed between a lower perfect-conductor plate with
Zy=R,;+jX,=0, where the subscript / denotes the
lower side, and an upper conductor plate with a finite
value of Z, such as a superconductor or a metal plate.
See Appendix I for the definition of Z_. In this analysis, a
dielectric rod having relative permittivity e,, diameter
D =2R, and length L is assumed to be lossless. Fig. 1(b)
shows a TE,;; mode circular cavity with diameter D =2R
and length L which contains a perfect-conductor cylinder
with Z .. =0, a lower perfect conductor plate with Z_, = 0,
and an upper conductor plate with a finite Z_ value. Fig.
1(c) shows an equivalent circuit for these resonators, from
which the resonance condition is given by

o

ZB=7 (1)

where p =, =47 X107 (H/m), and Z, and B are the
characteristic impedance and the phase constant in a

Z,+jZytan BL =0,
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Fig. 1. Analytical model. (a) TE(y; mode dielectric rod resonator.
(b) TE;; mode circular cylindrical cavity. (c) Equivalent circuit.

diclectric waveguide or in a circular waveguide, respec-
tively. We then introduce a perturbational quantity of
complex angular frequency Aw / w into (1):

Af 1

" T A=fod

(2)
where f is the resonant frequency when Z =0, and f,
and Q. are the resonant frequency and Q caused by
ohmic loss in the upper conductor when Z, # 0. Further-
more, taking the first-order approximation of (1), we can
derive a perturbation formula for Z ; that is,

Ad )
—j—
®
for the dielectric resonator in Fig. 1(a) (see Appendix II)
and
L\ A
Z, =960 — | | -j—
Ay ) w

for the cavity resonator in Fig. 1(b), where A, =c¢ /f, ¢ is
the light velocity in vacuum, and W is given by (A23),

L
Z,= 9601'72(—
/\0

3E,+W
1+W

3)

(4)
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Fig. 2. A structure of TEy;, mode dielectric rod resonator.

In particular, the relation R,= X, holds when the
upper conductor plate is in the normal state (see Ap-
pendix I); thus the resonant frequency for Z = 0 is deter-
mined from the measured values of f;, and Q; by

20,
B 20,~1

f fo (5)

which is derived from (2)-(4). In actual resonators, R,
R and the loss tangent of dielectric tan § are not zero.
In this case, O, can be obtained by removing the effects
caused by these losses from a measured Q, value; that is,

tand 6
€ +W 1+W/e, (6)

1 1 R, (A0)31+W
Q, 0, 48072\ L
for the dielectric resonator and

11 Ry, (A
0, 0, 4807:\L

Lt/Olescy _A_O_ ’ (7)
607* \ D

for the cavity, where ug, = 3.8317.

B. Maximum Surface Current Density J

Figs. 2 and 3 show structures of a TE,, mode dielectric
rod resonator and a TE,,, mode cavity resonator used for
experiment, which are set in a He-gas closed-loop cryo-
stat. These resonators are excited and detected by two
semirigid cables, each having a small loop at the top. The
equivalent circuit of these resonators is given in Fig. 4 if
the coupling coefficient at the input port, 8., equals that
at the output port. Here 8., the external Q (Q,), the
unloaded Q (Q,), and the loaded Q (Q,), as is well
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known, are given by

re r_n'Z, Q,

— & __t_ =
Be= ror r 0, (®)
B wyL B wyL
Qe - rg - r, (9)
B woL )
Qu=— (10)
QL wOL Qu (11)

_rg+r,+r*1+2ﬁc

respectively. Also, from the resonance curve on a network
analyzer, the Q; and Q, values are determined by

J
07T, (12
Q,= ﬁLa (13)
a= : igcﬁ — 10~1L(dB)/20 (14)
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where f, — f, is the half-power bandwidth, and IL is the
insertion loss at f, in dB.

We shall derive the relationship between P, and J,
where P, is output power from a signal generator in W
and J, is the maximum surface current density in A/m
which flows on the upper conductor plate in the circum-

* ferential direction. Also J, corresponds to the value at

r=1841R /u for the diclectric resonator or at r=
1.841R /3.8317 for the cavity resonator; where u is given
by (A13). With reference to Fig. 4, the relation between
the power dissipated in the resonator P, and P, is given
by

4B,
TR )

For the dielectric resonator, furthermore, the relation
between P, and J; is given by

P=P,+P,+P=AF=J%F (16)

where P, is the dielectric loss, P, is the upper conductor
loss, P, is the lower conductor loss, and A is the maxi-
mum amplitude of the radial component of the magnetic
field which corresponds to J,. Calculating P,, P,, and P,
from the field components for the TE,;, mode (see Ap-
pendix III), we obtain

A C) . To(u)J5(u)]
. ( L )34807T26rt8.n8

=2a(l—a)P,.

”

A_ 12 +(1+W)(RS+RS1) (17)
0

where J,(u) is the Bessel function of the first kind and u

is given by (A13). In a similar way we can derive F for the

cavity resonator, that is,

mD2 I (upy,) | 8uly (L3
F= 8 1277_2(5) Rscy+Rsl+Rs

Using (15)—(18), we obtain the relation between J, and

P,, that is, .
2a(1—-a)P,
]S:V _LF_)ﬁ ) (19)

Since the conductor and dielectric losses usually de-
crease as the temperature is lowered, 0, and Q, increase
and IL decreases, as is seen from (8)-(14) [10]. Hence, if
we measure the temperature dependence of Z, as keep-
ing P, constant, a change of J, occurs and may influence
the Z, measurement. To avoid this effect, P, or B,
should be adjusted to keep a small value of J, constant
during the measurement. In this experiment a method of
P, adjustment was used because of a lack of means to
adjust B, mechanically for the resonator set in the cryo-
stat. In this case, Py, at T, is determined from P, at T}
by

. (18)

_ a(1—ay)F,
o a)(1—a,) F, o

which is derived from (19).

(20)
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Fig. 5. Measured results of €, and tan & for (ZrSn)TiO, ceramic rods
at 10.4 GHz.

III. MEASURED RESULTS
A. €, and tan § for (ZrSn)TiO, and R, for Copper

Before measuring the Z, value, the temperature de-
pendences of €,, tan§, and R, were measured at 10.4
GHz by using TE,, and TE;, mode dielectric resonators
placed between two cooper plates of diameter d;=
30 mm. This procedure is described in [11). These dielec-
tric resonators consist of two (ZrSn)TiO, rods having
D =730 mm and L =3.07 and 12.30 mm (Murat Mfg.
Co., Ltd.). The coefficient of thermal linear expansion is
assumed to be 7, = 6.5 ppm/K in the temperature range
11-300 K. Fig. 5 shows the measured results for the
(ZrSn)TiO, rods. The tan § value increases linearly with
temperature. Fig. 6 shows the measured resuits for the
copper plates. The solid curve in Fig. 6 indicates the
calculated R, values when o is assumed to be 80% of
copper conductivity. This curve is effective in the temper-
ature range above 100 K. In addition, the accuracies of
the measured values are +0.2% for ¢,, +5% for tan g,
and +5% for R,,.

B. Temperature Dependence of Z for YBCO

The upper copper plate was then replaced with a
YBCO plate of d, =28 mm in the TE;;; mode dielectric
resonator shown in Fig. 2. Fig. 7(a) shows the measured
result of Q, in this case (YBCO-Cu), together with that
for two copper plates (Cu-Cu). Similarly, the measured
results of f, are shown in Fig. 7(b) by the solid squares 4
and the open squares B, respectively. Curves C and D
for Z, = 0 were calculated on the assumption that R, = X
from (5) to (6) using the values of ¢,, tané, R, Q,, and
fo given in Figs. 5 to 7. Curve D does not have a
discontinuity in the entire range of temperature, since
copper is always in the normal state (R, = X,). On the
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Fig. 6. Measured and calculated results of Ry, for copper at 10.4 GHz.

other hand, curve C has a discontinuity at 7 =7, =92 K,
where T, is the critical temperature of the YBCO; this is
because the YBCO plate is in the superconducting state
(R, # X,) below 92 K. The difference between curves C
and D near room temperature can be explained by the
uncertain contacts which occur when the dielectric rod is
set between two plates [9]. Assuming the same condition
of the contacts to be realized, we can shift curve D into
the broken line E by 9.3 MHz. Thus the Af values
necessary for calculating X, are given by the difference
between the solid squares 4 and the broken line E. The
values of R, and X can be obtained from (3) using the
Q. and Af values described above; the skin depth, 8, and
the penetration depth, A, are from (Al0); and the com-
plex conductivity, o, — jo,, is from (A11). These results
are indicated in, respectively, parts (a), (b), and (¢) of Fig.
8 by dots. In these curves figures the theoretical values
from the two-fluid model are also indicated by curves,
which were calculated for the case where London’s pene-
tration depth at 7=0 K is A = 1.91 um, the normal state
conductivity is o, = 3.67x10° S/m, and the residual nor-
mal state conductivity is o, =1.0x10° S/m (see Ap-
pendix D). A detailed discussion of o,,, will be found in
[12]. The agreement between theory and experiment is
good for these data. However it is noted that there are
repeatable accuracies of +20% for R, and of +100% for
X,, because the sample was not flat.

A similar measurement was performed using a TEg,
mode cavity resonator with D = 24.63 mm and L =8.11
mm at 23.7 GHz. The Z, results obtained using (4) are
shown in Fig. 9. The amount of scatter in X, is much
larger than that for the dielectric resonator. According to
calculation, for the dielectric resonator the change of
resonant frequency caused by the change of the skin
depth of YBCO is about 10 times more sensitive than that
for the cavity resonator. This fact verifies that the dielec-
tric resonator method is preferred for measuring X;.
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The experiment described above was performed near
P, =0 dBm. But if a larger value of P, is used during the
measurement of the temperature dependence of R, the
error may rise. To verify this, the temperature depen-
dences of R, and J; for the YBCO plate were measured
by using the dielectric resonator in two cases: P, =16.5
dBm constant and J, =317 A/m at r =0.6R constant.
Parts (a) and (b) of Fig. 10 show the measured results.
The R, value at 11 K for P, = 16.5 dBm constant is 29%
higher than that for J =317 A/m constant, because
J, =317 A/m at 77 K increases to 522 A/m at 11 K, as
shown in Fig. 10(b). As a result, measurements of this
kind should be performed with small power from a gener-
ator. However a change of X, was not observed in this
case, because the influence of P, on f, was negligible.
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C. J, Dependence of Z for YBCO

For the YBCO and copper plates, the J;, dependences
of f, and Q, were measured at 77 and 11 K by using the
TE,;; mode dielectric resonator. These results are shown
in parts (a) and (b) of Fig. 11. For the copper both f, and
Q, do not depend on J,. For the YBCO, on the other
hand, f, decreases about 0.15 MHz with increasing J;
because of the increase of the skin depth; this corre-
sponds to a 3% increase in X,. Also, the difference
between f, for the YBCO and that for copper can be
attributed to the uncertain contacts described above. Fur-
thermore the J; dependence of R, calculated using Fig.
11 is shown in Fig. 12. As a result, R, of the copper does
not depend on J, but the value for the YBCO has a
strong J; dependence. When J increases from 300 to
7000 A /m, the R, value of YBCO at 11 K increases more
than 400%. Also, the solid triangles in Fig. 12 indicate the
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results measured at 16.2 GHz using a cavity resonator
with D =243 mm and L =250 mm. When P, =13 to 40
dBm (0.02 to 10 W) and IL = —3 to — 10 dB, the ranges
of J, are from 30 to 700 A /m for the cavity and from 300
to 7000 A /m for the dielectric resonator. A similar result
for energy concentration in the dielectric is also obtained
from J; versus S = D /L calculated for the dielectric and
cavity resonators when f, =10.4 GHz, P, =20 dBm, and
II.=—30 dB, as is shown in Fig. 13. As a result, the
dielectric resonator method is preferred for measuring
the J; dependence of Z, because of the energy concen-
tration in dielectric.

IV. ConcrLusioNn

Perturbation formulas for a TE;; mode dielectric res-
onator and for a TE;; mode cavity resonator have been
derived to measure the surface impedance, Z,, of super-
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conductors. Also, the relationship between the maximum
surface current density, J,, on a superconductor and the
output power from a signal generator, P,, has been
derived. On the basis of these analytical results, a mea-
surement technique has been proposed for evaluating the
temperature and surface current dependence of Z,. For a
YBCO plate, the temperature dependences of X, and R,
have been obtained from f, and @, measured for a
TE,;; mode dielectric resonator. Also, the temperature
dependences of 6 and A and o, and o, have been
obtained from these R, and X, values on the basis of the
two-fluid model. These measured results agree well with
the theoretical curves calculated by introducing the con-
cept of the residual normal state conductivity, o,.,. This
result verifies the validity of this theory for at least one
sample of YBCO bulk materials. Furthermore it is veri-
fied that a dielectric resonator is preferred for measuring
the J, dependence of Z_, because of energy concentra-
tion.

In addition, this technique is sufficiently sensitive for
measuring the R, of superconducting films in 7T <7,
although difficulty in measuring X, is to be expected
because the thickness of the films is usually less than the
skin depth in normal state (T > 7).

ArpeENDIX |
SURFACE IMPEDANCE Z,

Generally, surface impedance, Z;, is cefined as the
ratio of the electric field, E,, to the magnetic field, H,
tangential to a conductor surface:

E jou

Z,=—-=R,+jX,=— (A1)
Ht

where vy is the propagation constant in superconductor.

In a normal state for 7> T, y is given by

jouo = é + j—;— (A2)
with
2 aoy
i e TTrar-my)

where 6 is the skin depth, o is the conductivity, o, = 58 X
10% S/m for standard copper, & is the relative conductiv-
ity, and « is the temperature coefficient of resistivity.
Substitution of (A2) into (Al) yields

ol o
= —_— + —_
l/ 20 Jl’ 20

In a superconducting state for 7 <T,, on the other
hand, v is given by

=yjopo, =1/ — + ]
A

according to the two-fluid model [1], where o, is the
complex superconducting state conduct1v1ty, and A is the
penetration depth at 7 K. In this case, substitution of

(A4)

(AS)
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(A5) into (A1) yields

wp \[\/1+4(A/8)4 -1
R,= .
V2 1+4(A/8)

(A6)
20’)\3
z“2 @ (A=) (A7)
our [ V1+4(r/8)" +1 (48)
2 1+4(r/8)
= A (A =x8). (A9)
From (A6) and (AS8), we also obtain
R+ X?2 R X AID)
(l)/.L‘/RSXS w#\/XSZ—R_f . (
Furthermoré, o, is derived from (AS5); that is,
j 2 ! All
ke R ek (All)
In this paper the relation o, = 0, (T/T,)* + 0, is intro-

duced, where o, is the normal state conductivity and o,
is the residual one determined from the measured value

of o,.

ApPENDIX ]I
THE DERIVATION OF (3)

The characteristic equation for a TE;; mode dielectric
rod resonator as shown in Fig. 1(a) is given by

Jo(u) — Ko(v)

"y T UR) (A12)
where

u=k, R=Ryek*— B> (A13)
v=k,R=RyB*—k? (A14)
u +v% = (e, —1)(kR)? (A15)
o 3 {m Al6
ke=— B=71 (Al6)

and K, (v) is the modified Bessel function of the second
kind.

When [ =1, we shall derive (3) below using
(A12)-(A16). From (1) and (A1), we first obtain the
following relation:

1 LcotX
—= (A1)
v X
where
x=pL{1-——\ - Al8
=g { —m}—ﬁ (A18)
I'=1:1 ———ﬂ- Al19
- {_ZBL}' (A19)
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When the superconductor plate has loss, § #0; so X
changes to X + AX. Therefore, 1/ is given by
1 Lcot(X+AX) AB

y X+AX B
Then the total differentiations of (A14) and (A15) yield

TR e

(A20)

w
L&l E)Zkzé—d’ (A22)
v 1+Wiv @
respectively, where
du?  udu
@7 v (423)
From (A20)-(A22), we obtain
1 ke, +W Ao
o) e e

Furthermore, substitution of (A24) into (A1) gives (3).

ArpeEnDIX I11
Tue Der1vAaTION OF Py, P, AND P,

For a TE;; mode dielectric rod resonator, the values
of P, P, and P, are calculated from the following
relations:

_ €0€r R (2w (L 2
Pd-wtana{ > fofo folEell rdrdde} (A25)

R [ (R j2m 5
pu=7{f0fo \H ;1)\ *rdrdo

2] 27_[_ 2
+ jR fo |H, oz, *rdrdo (A26)
Ry ( (R p2m )
P = 2 {fo j(.) |H,y(.—) 7drdo
el 2,”_
+ |H oy, - |2rdrde} A27
1 ano (A27)
where the field components are given by
H, =—A(k, /B)Jo(k.r)sinBz  (A28)
H,=Al(k,r)cosBz (A29)
Ey = A(jouy/B)Ji(k, r)sin Bz (A30)
inside the rod and by
H22=B(er/B)KO(err)Sinﬁz (A31)
H,,= BK (k,,r)cos Bz (A32)
Ey, = B(jopg/B)K(k,,r)sin Bz (A33)
outside the rod with
B ul(u J(u
W) w) o

A K(v)  Ky(v)
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